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ABSTRACT
Let P(x) be a quadratic form defined by (1). We know from (Gelfand and Shilov 1964)) that the equation
Lp{u(xy, x5, .. %, )} =f(X1,..Xn)

is often called ultrahyperbolic, where P=P(x) is defined by (31) and L, by (5). In this article we give a
sense the elementary solution of the equation

L{u(xq, x3,.. x5 )} =Ff(X1,..Xn)

where L' is the operator L{P} iterated m- times.L7 {u(xy, x5, ..x, )} =f(X1,...Xn)

Keywords: Distributions, equations, solution elementary, ultrahyperbolic
Classification MSC.: 46F10, 46F12.

RESUMEN
Sea P(x) una forma cuadratica definida por (1). Sabemos de (Gelfand and Shilov 1964)) que la ecuacion

Lp{u(xy, x5, .. %, )} =f(X1,..Xn)

es con frecuencia llamada ultrahiperbolica, donde P=P(x) es definida por by (31) y Lp por (5). En este
articulo nosotros damos un sentido a la solucién elemental de la ecuacion

Lp{uxy, xa, .. xn )} =F(X1,...%n)
donde L7 es el operador Lp iterado m veces.

Palabras claves: Distribuciones, ecuaciones, solucion elemental, ultrahiperbdlico
Clasificacién segun MSC.: 46F10, 46F12.
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1. INTRODUCCION

Let (x4, x5, ..x, ) be a point in the n-dimensional Euclidean space and let P be nondegerate quadratic form
defined by

P((x1,%2,.. %)) =x12+---+xﬁ—xﬁ+1—-~-—xﬁ+v 1)
where u 4+ v =n is the dimension of the spacer. The P=0 hypersurface is a hypercone with a singular
point(the vertex) at the origin.

We defined the generalized function<Pf, ¢ > where is a complex number, by the following form

< P}, ¢ >=[ P2 (x)dx, para P>0 @)

(Gelfand and Shilov, 1964), where x = dx;..dx, ,@ € C,°is the space of infinitely differentiable function
with compact support. For Re(A)>0,the integral defined in(2) converges and are analytic function of A.

Analytic continuation to Re(1)<0 can be used to extend the definition < P£, ¢ >.

We know from(Gelfand and Shilov,1964) that P#} have two sets of singularities, namely A=-
k,k=1,2,3.... and A=-(n/2) -5,5=0,1,2,... and the following formulae are valid

ResP},_ = (—1Dk1 = 1),50‘ D(P) ifnisodd (u odd and v even), (3)

ResP},_ , = (-Dk? = 1)'6(" D(P) if n is even but k<(n/2), (4)
and

ResPi;_n_ = (- 1)inz ﬁ})lfnis 0dd (1 odd and v even) )

Resth_k = (—=1)*1——§*=D(P) if w and v are both even (n even) and k<(n/2), (6)

(k— 1)'

v on LS{5}

Rest}A:_%_s = (—1)57'[2:@ (7)
if p and v are both even and s>(n/2) (Gelfand and Shilov,1964, page353) and (Aguirre,2010)
ResP},_ , = (-1Dk? = 1), —— sk (p) (8)
if p and v are both odd (n even) and k<(n/2)
v-1 n-1 8
ResP{,_n_  =(=1)(=D)% 2 [W((1/2)) = W((n/2)] i }+S) ©
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if p and v are both odd and s>(n/2)

where
Yth)=-y+1+(1/2)+...4+(1/(h—-1)),h=23,... (10)
PU(h+(1/2)) =—-y—-2In2 +2(1 + (1/3)+...+(1/(2h - 1)),h =1,2,3,...) (11)

v is the Euler's constant and

_yu 9% ptv 9?2
L =215~ Licuri5y (12)

On the other hand, from(Aguirre,2015)) the Fourier transform of P,~{)A} is given by the following formula

F{P{}=n? 22A+n e O Q) D (13)
if Q(¥)>0, where F{f (x)} = [ zne "> f (x)dx,
(14)
<X,5>=X151+,.. X, Sn (15)
and
QY2 Yn ) = Vi + =+ Vi = Vw1 =~ Viww. (16)

Now, from(Gelfand and Shilov,1964),page258-259 we have the following formula
Lm{Pl+m} —

=22+ 1)... A+ m)A+ (/2) (A + (n/2) + 1)... (A + (n/2) + m — 1)P* 17)

2. GENERAL CONSIDERATION

In this article we obtain elementary solution of the equatiuon LZ {u(xy, x5,..x, )} = f(x1, x5,.. x, ) taking
into accounbt the dimension of the space. First considering the cases nh odd and the condition m<n/ 2 and

the the case m>n /2. Finally we are going to study the case nevenfm > (n/2)or m > (g) ,m < n/2and
considering p and v both even and p and v both p and v both odd.

3. ELEMENTARY SOLUCIONS OF THE EQUATION
LF{u} = f(x1,...Xn)

Let Lp be the operator defined by(11), we are going to study elementary solutions of the equation of the
form
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Lgl{u(xlrxz"'xn )} = f(xl!xZI"xn ) (18)

We know that E is elementary solution of (18) if

Lg{E(le X2, Xn )} = S(X) = 8(X1,XZ, - Xn )} (19)

From(18), we have

F{LP{EI}=F{ d(x)}=1, (20)
therefore
F{E}} = (-D™@Q@O)™™}. (21)

Now we are going to obtain the elementary solutions E of the equation (18).From(8), we have

2= TA+A+(v/2)I(=A—(v/2
7Z22MNL(142)T(A+(n/2)

Now using the definition of inverse of the Fourier transform

FYf(x)} = fRne‘i<"'5>F{f(x)}(s)ds (23)
From(21), we have

E=F'{-1)™QuNH™ (24)

Now we are going to study (22) considering that P# and ((Q(y))?} have poles at
A=-m/2)-jj=012,...and A= -k k =1,2,3,..

2.1:Casel: n odd

211:m <(§) In this case m#-(n/2)-j, j=0,1,2,... , P{ is regular at \=m-(n/2), but ((Q(y))~*~(/2) at

A=m-(n/2), has simple poles.
Therefore the values of the function ((Q(y))“ at @ =-m which we shall call finite part of ((Q(y))*} at
a =-m correspond to regular part of the Laurent expansion of ((Q(y))* about @ =-m, namely

Q™ lg=-m= Q7= P.F{((Q))“Jaz-m= liM (o= (@ +m) ((Q())* for m<(n/2), (25)

therefore, from (22)and (24) we have,

E = F{=1)""((Q(y)) =g Ay pe (26)
22Mmp2r(m)(-1)2
It’s clear that E defined by (26) verify the property (19). In fact, using the property (17) and the formula.

FA+m+1)/T(A+ 1)) =(At1)...(A+m) ((A.Erdelyi,1953), pages3-4) . (27)
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we have
Lp{ptm} =

=22"A+1)... A+ m)(A+ (n/2))((A+ (n/2) + 1)...(A + (n/2) + m — 1)P}

- zzm% .((A+ (g) + 1) (A+ (g) +m— 1) [(A+ (g)) P]. (28)

By putting A=-(n/2) in (28) and using the formula (3) we have

limn 22m ((F(A+m+1)) . [

1.2 ..m —1)].
P tarny L2 -m =1

lim [(2+(5)) P2] (29)

A_D_E

From (26), (29) and using the formula I'(z)['(1 — z) = (n/(sin(nz))) (A. Erdelyi, pages 3 — 4), we
obtain

LT{E}= 3(X). (30)
Therefore E define by (26) for the case n odd is elementary solution of the equation (18).

2.1.2.:nodd, m >(). In this case (Q(y))~*~®/2) at x=m-(n/2), has simple poles. Therefore the values of
2

the function QY at y=-m we means finite part of QY at y=-m, and correspond to regular part of the Laurent
expansion of QY about y=-m, namely

A, i
QY= it AgtL oo Af(y +m)/ (31)

Where
Ao=QY ly=—n=Q "=P.f{QV}y—_m}=

= lim 0/(ay)I(y + m)QY] form>(n/2) (32)

It should be emphasized that the generalized function {Q ~™} is not the value of {QY} at y=-m, Q7™ has a
simple poles and therefore does not exist at this point. Nevertheless the function {Q ~™}} is in a certain
sense a regularization of the ordinary function Q™.

Similarly from (25) and (26), we obtain the following formula

E=F'Y{(-1)"™mQ ™™} = (~1)™m &AM _p™Z if  is odd and m>(n/2), (33)

22Mp2r(m)(-1)2
where

v
F{P}} = 2 220+ LA+/2)(C1)2

T'(-1A)) (Q(y)_}\_(n/z)if\/ is even and n odd (34)
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and

TA+ (n/2)r (A + 1)(—1)1)2;1

n
F{P}} = mz 22Mn -

cos(—-Nm. (~1)(Q(y) "/

if v is odd and p even; v+pu=n dimension of the space. (35)
2.2 :Case 2: neven

2.2.1.:neven, p and v are both even and m < (n/2).In this case m=1,2,3,...(n/2)-1, Q~™/2~* and {P{}

have simple poles at A=m-(n/2) therefore Q™ is finite part of Q} at y=-m, and P ™/ ~™ s finite part
of {P}} at A=-((n/2)-m). From (24), using (34) and (35), we have
Q™™ hom(ny2)=P.f {Qy}y=—m=ylj>r_nm a/@YNI(y + m)QY] =
= lim /@)y + m)CynF (P, )] (36)

where

Cynh}m—g om0 (37)
(-1)2 m2 272YT(-2)
From (36) and (37), we have
1 -3

QO ;}1{}} Cyn0/(@y)[(y + m)F{P, " *}] +

. -y-3
;rll_rgll[(v +m)F{P, "~ *}0/(0Y))Cyn] (38)

Now taking into account that

-1
yljf_nm o/@Y)[(y +m){p, ~ *}] =

m  a/@N)[A+ G —m){PH] = P.A(PH,__n_, (39)
)\_o_(E_m) 2 (2 )

and

-1 n
lim (y+m)P,  ?=limQA+ G —m) P} =
Y—>—Im
A=—(5-m)

— (_1)(_1)7_7"—1 5(%_"’1—1) (P)l (40)

-]
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we have

Q)™ = lim €y 9/ (@V)[(y + mF(P, " 7)) +

ﬂi_‘g[(y +m)F{P, y_%} 3/(0Y))Cyn] -

lim [22Y21n2r(y+§)+22Ydiyr(y+2)] + lim [ZZVF(y%)d%F(—Y) ]

’ [y—o—m- r(-v) T y»-m- r(=v»?

_ [Z_Zmzmzr(_m%ﬁ]. F {p. £P, (’;—m)} +

r(-m+)

ez (P 272main2r(-m+3)+22Yr G-m) 27emr(G-m)rm)
+1 2( 1) ZF{—5(2 )(P)} . [[ r(m) d + L (r(m))2 =

From (41) have,

P = (1 L@Am) o ool

22Ma2r(m)(-1)2

DM R (<)

[2In2+y((n/2)-m)+y(m)] & (g_m_l) (P)

r(m)
if n is even, p and v are both even, (42)
where
W(z) = % ((Erdelyi A. 1953,pages 3-4)). (43)

From (24) and considering he formula (31) we obtain that

E=F1{(=1)"™Q(y) ™}=(-1)™ l"((E/Z)—m)) v{p.fPJ:(g_m)} +

22Mg2r(m)(-1)2

(DM E (- 1)E (-1)Z

) [2In2+y((n/2)-m)+y(m)] 5Gm-1) (P) (44)

is elementary solution of the equation (18) for n even and m<(n/2).
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2.2.2.:neven, pand v are even odd and m > (n/2).In this case (Q(y)~*~(/2) has simple poles at A=m-
(n/2)and P{ is regular a A=m-(n/2), therefore Q(y)~™ is finite part of (Q(y)Y at y=-m.

n
Q"2 hpyn= Q)™ = PA{Q = =
n
| vrmr(vy+(3)
= llm 6/ aY[ TR F{P+ }1 —
yeom (—1)Z 72 2-2T(-D)
(—1)2l 3 2-2T(A). a/ oy[(y + m)T (y + (%)) F {P;V—%} [+ mr (Y + (g)) F {P;v—%} Y 6y(—1)21 o 22Vr ()
P [(_1)21 - 2-2TC-N)]2 }
=jlim ———— lim 0/ oy[(y +m)I (v G ) F{P_Y_E} +

Ammm i p-ayT-y(-nz AT - (2) +

Alim(y +m)r (y + (‘2—‘)) F{Pjy_g}.lnm. (-1) -

Y)Y TEV2 RV D-D(-D2
— lim (y+ m)l"(y + (2)) F{P+Y z}l[TIZZ YT(-y ‘ +m2272Y . Y 45)
y—=-m 2 ; (n22-2YT(-V)(-1)Z)2
Now, using the following properties
Jim Cy+m)L(y +@)=Cr+m) Yy +1)...(y45 = DI(Y) =
(D2(y)y =Dy =S+ Dy +mI(y) =
(—02ra-y)
T -1)2I(1-y _
= yg@m v (y+m)I'(y)
_ (=D2r(+m) _ (Dra+m) (D™ _ (-D2(=D™ (46)

r(m-2+1) resy=—ml"(y) = r(m-2+1) * m! r(m-2+1)

for n even and m>(n/2) and

-1 ﬂF 1-—
Jim 9/ ay[(y +m)T (y + (g)) = lim 8/ 0v[(y + m)I(y) CL2rd-y) _

rr-5e)

r(—y—§+1).;—y[(—1)Er(1—y)]—(—1)7r(1—y);—yr(—y—§+1)

(r(-y-3+1))2 :

= im {(v+m)Ty[
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+ 520 5/ 5y [y + m)T(y)}=

")

r(m-2+1 ((—1)%.1"'(1+m)(—1)—(—1)%F(1+m)(—1)F'(m—2+1)
= Resy—_mI'(Y). [ (m=3+1) 2

(r(m-2+1))2 -

(—1)2r(1+m)

(-D™ (—1)7r(1+m)(—1)r»(m_§+1)

- m (- 1)2
+ F(m2ea) P.f{T(M}l=-m== (D (=1)"™Y(1 + m) ey

(—1)%1‘(1+m) (-nm
r(m—§+1) m!

=(-1)m (( 1)11)‘11(171—%-}- 1)
where Yi(z) is defined by (43). From(45) and using (47) we have
0z h=m-2= Q)™ = ilirél a/(@YNI(y + m)Q(y)Y] =

S COZ (1 +my22mF e, 2S00 -2momnzp ) 2
+ m! +

(- 1)2 F(m)nz

n 0™ _om
D™ _om { m-; } T { } rm
—2 —1)FJP Inp, ¢ ——&%——+ —
+ m ( ) + n + (_1)2['(m)n-2 ( )r(m)l—-(m)

m—ﬂ -2m n
=1 2 n{q;(m——+1) { e 71np+}+
(m =D (—1)2r (m)n?- 2

+21n2F{PJ:n_§}— F{P+m ZlnP+}+ LIJ(m)F{ }}—

n
_(_1)“1—5 2—2m

{4 (m =2 +1) + 2in2 + §(m)] F{P;n_%} + F{pf"% lnP+}}

T M= C1yarmynz
where y(z) is defined by (43). From (24) and considering (48), we obtain that

2—2m m-——

E=F1{(—1)"™Q(y) ™}=EL,

(m—*)' (~D2rmynz-

+ [y (m— 2+ 1)+2in2+y(m)] P, *-P, *InP,

(1 +m)= (-)™ (‘ vz )[¢(1+m)+ Y(m—2+1) -y +m)=

m b (r(m-2+1))2

(47)

(48)

(49)
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is elementary solution of the equation (18) for n even (u and v are both even) and m>(n/2), where
Lp= (i, axz) - i axz)m (50)

2.2.3.:n even, m>(n/2), pand v odd. In this case m=(n/2),(n/2)+1,(n/2)+2,... , Q""'g has simple poles

of order two at A=m-(n/2) and P2 is regular at A=m-(n/2). Therefore Q™ is the finite part of Q_}‘_g at
A=m-(n/2), i.e.

Q"7 Iy 1= Q)™ = P-F(QMymom =

= 3 Jim S+ m)2QO)". (51)

Using (22), for m>(n/2),we have
(35) [ +m2@Q" =

1 i{ ((y+m)2F{P_:y_(n/2))}
DT 1Y 2 T (NI A=y =(v/D)cos(y+(n/2)m)

} =

L FpY /)

—  (y+mrZ +
(-D(-1)z mz * r+m) oy [ . 272r(r(- V)F<1 v-(3 ))COS(V+( )) )]

F(p Y~

+ e zy(r( y)r(l y— ( ))COS()’+(n)) )

and

[2(y + m)] }

(1/2)((@*)/ @y DIy +m*QO)'] =

) ( o 52 [ FpyY™/2) !
— o171, +
(-1(-1) 211'[2 b +m oz b .27 2V(F( V)F(l Y- ( ))COS(V+( )) )

Iy FpIY 2
o " 272v(r(- y)F(l v-(3 ))COS(V+( )) )

-y—-(n/2))
+2. [ FiPy ] +

02— ZY(r( y)r(l y— ( ))cos(y+( )) )_

+

12y +m)+

FpIY (/)

L 272v(r(- y)F(l y-(2 ))cos(y+( )) m)

Qy+m| 13}, (52)

therefore

1 . 02 1 1
> l_lbfj”lmﬁ(y +m)?QW)Y = =
Yooy (-D(-1)Z nz*
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F P_V_(n/z))

I a2 (rnr (1-y = (3)) cos (v + (3)) )

12 =

_ 1 [ Fpy =2y (53)
v—1 n__-L -
(-1)(-1) z 7z ! .zzm(r(m)r(1+m—(g))(—nm‘i)
From (24) and considering (51),we obtain that
m—(n/2))
E = F{-1) Q) "=—= gt (54)

o T enmr{im-)eo)

is elementary solution of the equation (18) for n even(u and v are both odd) and m>(n/2).

2.2.4.:n even, m<(n/2), pand v odd. We know from ((Gelfand and Shilov, 1964),page 352), that if p and

v are both odd, the generalized function P} has simple poles at A=-1,-2,...-((n/2)-1) and poles of second
order at A=-(n/2)-s,5=0,1,2,..

Now taking into account that m<(n/2),then m#(n/2)+s, $=0,1,2,... and the distributions Q‘l‘g and P# have

simple poles at A=m-(n/2).
On the other hand using the formula

rra -z =—— (55)

sin(zm)

the formula (22) can be rewritten in the following form

-A-2 sin(Am))T(=2) p)
(Q (y) 2= aU,TT' 227‘+“(COS(7\T[)F(?\+(n/2) F{P+} (56)
where
1
Ay =77 (57)

(-D(-1Zz mz *

Now taking into account the definition of finite part of (Q (y)"l"g at A=m-(n/2) for m<(n/2), we have
)L_E — -m — —}\—E — 1 i E —_ Y =
O = @O =PI = T 5 Ok~ m(QO)

—a lim 2 sin(Am))I'(-1)
Coum A=) ¥ 22A+0(cos(AT)T(A+(n/2)

(A + 3 — m)F{P{}}

_ 227~+n(cos(}m)r(x+(g)).;’—y[sin(/ln))r(—m (r+5-m)F{pd)]

= a”’"a_»_l(lgr?m) [22241 (cos (AT T (A+(n/2)]?
[sin ()T (1) (A+3-m ) F{PH}] 7122+ (cosAmT (A+(n/2)] _
[22M1 (cos(Am) T (A+(n/2)]2 -

mcos(Am)T (=A) (A+5-m ) F{PH] - [sin(Am)) (~1) (1) (A+3-m ) F(P}}

+

av'”m—l(l’gr?m) 227\+n(cos(xn)r<x+(g))
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[sin(zn))r(—x)aiy(mg—m)F{Pﬁ} [sin(/m))r(—x)(x+g—m)F{Pf}].
22;\+n(cos(m)r(;\+(§)) [222+0(cosAT)T(A+(n/2)]?

2224 121n2(cos Am T (A+(3 ) -m22A 1 (sin(Am)T A+ (3 ) +2224 1 (cos Am I (A+(3)
L [22M1 (cos(AT)T'(A+(n/2)]?

Now using that

n
- 2 m){Pi) = 2 G L o
M_l(l%r?m) (r+3 m){P+}—Res{P+}A=(%_m)— Gy sG-m1) (py
m_m

9 n_ N — 2 L= >
A—»—(lgr?m) oy (}\ + 2 m) {P+} =P. f{P+}7x=m—§ P,

and  lim sin(—Am) =0
Ao—(5—m)

lim  cos(—Am) = cos((n/2) — m)m) = (—1)™(—1)

A-(G-m)

lim (-2 = r(g—m),gzm,

(e
A S m

We have

_ -1 _ (—1)%_7”_1_ 2—2m (n_.._
Q™ = PO 2T roi)ﬂ) sGm1)(py

From(56)and considering (64),we obtain that

E=F (- 1) 00) ™ o 00 (P

(—1)77-[%—1 rm3zzm:

is elementary solution of the equation (18) for n even(u and v are both odd) and m<(n/2).

5. CONCLUSION

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

It’s clear from (24) that if u(xy, ... x,)= E (x4, ... x,) is elemental solution of the L7 then the solution of

the equation (18) is given by the following formula

u = u(xq, ... xp)=f(xq, ... x5 )*E,

(66)

for f(xy, ... x,) generalized function with compact support ,where the symbol * we means convolution and

E is defined in the following form:

E(xq, ...xn):Am,n:PJ:n_E ifnisodd,m < (g) and m > (n/2),

(67)

878



E(xq, .. xn)=B,,,l,nPJ:n_E + Cm,n(?(?_m_l) (P)if nis even,m < (g) ,uand v are both even,

E(xq, ...xn):Dm'nPJ:n_2 - Fm,an_ElnPJrif nis even,m = (n/2),u and v are both even,

+

n
E(xq, .. xn)=Gm,nPJ:n %if nis even,m > (n/2),n and v are both odd

E(xy, .. Xn)=Hmn (P)é‘(%_m_l)if nis even,m < (n/2), pand v are both odd.

—1\ym _
Am'n: ( 1) F((n/Z)U m))n , n Odd, m< (E) and m > (E)’
22MI(m)) (-1)2  m2 2 2

—_1\ym —
By = b)) F((n/z)u m))n ,h even,m < (g), wand v are both even,

22Mr(m)) (-1)2 12

Coun = O = [w (2-m) +2n2 + y(m)|if

(—1)% 22M[(m)) (—1); 2

n even,m < (g) ,Land v are both even,

n
_ (-2 n
Dipn = n\om T = [IIJ (m — + 1) + 2In2 + lIJ(m)]
(m 2).z m) (-1)z =

if niseven,m = (n/2),u and v are both even,

n
Fpn = (-1 = if nis even,m = (n/2),u and v are both even,

(m-2)122mr(m)) (-1)2  nz

1

Gm,n T

(-1)22MI(m)I(1+m+(n/2)) (—1)1%1 (—1)’"‘3 mz 1

ifnis even,m = (n/2), pand v are both odd

and

Hyn = L o~ —ifnis even,m < (n/2), uand v are both odd.

22mr(m)) (-1) 2wz !
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